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Abstract 
In order to optimize the cutting performance of end mills, the geometry of such cutters is optimized by toolmakers constantly. As 
a result of geometric changes, process forces can be reduced, i.e. by serrated end mills. Tools with unequal helix angles can lead 
to an increase of process stability. In this paper, a method to calculate the process forces of end mills with complex geometries is 
presented. The method for calculating the process forces is designed for the application for stability analysis of end mill cutters 
with complex geometries. A basic introduction of the method for the stability prediction of such tools is given. Cutting forces of 
end mills are analyzed at incremental axial depth of cuts to show the influence of the tool geometry on the process forces. The 
comparison with experimental data verifies this method and shows the influence of further effects on the process forces. 
Furthermore, stability charts obtained with the Semi-Discretization Method are presented to show the potential of end mills with 
complex geometries regarding stability improvement. 
© 2014 The Authors. Published by Elsevier B.V.
Selection and peer review under responsibility of the International Scientific Committee of the 6th CIRP International Conference on High P rformance Cutting. 
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1. Introduction 
The dynamic behavior of the milling operation can lead to 
an unstable cutting condition, which often limits the actual 
potential of the machine tool in terms of productivity. One of 
the main reasons for instabilities are self-excited vibrations, 
referred to as chatter, which can arise during the machining 
process [1]. This dynamic behavior of the cutting process 
causes a modulation of the undeformed chip thickness, known 
as the regenerative effect, and can lead to a high amplitude of
the process forces. As a result, the machined surface has a 
poor surface quality. Furthermore, the induced forces can 
damage the tool or even the spindle and machine. 
By modifying the geometry of tools, the stability of milling 
operations can be increased. For example, tools with non-
uniform tooth pitch or various helix angles influence the chip 
thickness and thus the occurrence of the regenerative effect 
[2]. Takuya et al. developed a computational method for a 
stability improving optimization of helix and pitch angles of 
end mills [3]. It must be noted that, depending on the process 
parameters, the modification of the tool geometry does not 
always increase the stability, as stated by Tlusty et al. [4]. 
They pointed out that tools with non-uniform pitch decrease 
the influence of the regenerative effect. The mode coupling 
mechanism, however, which is a forced vibration acting in 
two directions in the plane cut and can cause forced chatter 
vibrations, is not disturbed by this geometric modifications.  
For roughing operations, end mills with serrated cutting 
edges are often used to increase stability. The characteristic of 
these tools is that the radius of the cutting edges have a 
periodic recession along the axial tool direction z  (see Fig. 1).  
In [5], Dombovari et al. presented a method to calculate 
process forces of serrated end mills. Furthermore, they applied 
the Semi-Discretization Method to obtain stability charts of 
serrated cutters. Koca and Budak chose a similar approach and 
proposed a method to design the optimal serration profile 
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leading to reduced forces and increased stability [6]. Merdol 
and Altintas solved the stability prediction in numerical 
domain [7]. 
In [8], the authors presented a method to calculate the 
process forces of tools with unequal helix angles. The 
following paper presents an extension of this method to 
compute the process forces of tools with serrated flutes. First, 
a brief mathematical description of this model will be given. 
Calculated process forces for an end mill with non-uniform 
helix angles and serrated cutting edge profiles, respectively, 
will be compared with experimental obtained forces. Resulting 
discrepancies between experimental and simulated forces are 
critically analyzed. Based on the mathematical model for 
process force calculation, numerical predicted stability charts 
for the used tools are presented. 
 
Nomenclature 
ujh ,  Undeformed chip thickness of the j -th tooth 
j,uhstat,  Stationary part of the undeformed chip thicknes of 
the j -th tooth 
j,uhdyn,  Dynamic part of the undeformed chip thicknes of the 
j -th tooth 
ujf ,  Feed per tooth for the j -th tooth 
tf  Tooth passing frequency 
rf  Tool runout frequency 
Gf  Non-uniform helix angles frequency 
jM , uM  Angular position of the j / u -th tooth 
eM , aM  Entry and exit angle 
jr , ur  Radius of the j / u -th tooth 
ujp ,  Pitch angle between the j -th and u -th tooth 
jH  Set of all theoretically possible undeformed chip 
thickness of the j -th tooth 
ujg ,  function to determine whether the j -th tooth is in cut 
or not 
t  Time 
n  Spindle speed 
ea  Width of cut 
pa  Depth of cut 
jG  Helix angle of the j -th tooth 
 
tN  Number of teeth/flutes 
z'N  Number of increments for the depth of cut 
x , y , z  Coordinates of the fixed coordinate system 
z'  Incremental depth of cut 
jK'  Displacement between the tool and the workpiece for 
the j -th tooth in the rotating coordinate system 
uj,T  Time delay of the j -th tooth 
L  Wavelength of serration 
a  recession of the flute for serrated end mills 
p  Vector with tooth pitch angles 
jT  Rotation matrix for the j -th tooth  
q  Displacement vector consisting of the displacements 
in x  and y  direction of the workpiece and tool 
M , D , K Mass, damping and stiffness matrix 
tcK , rcK , acK Cutting coefficient in the tangential, radial and 
axial direction  
teK , reK , aeK Edge coefficient in the tangential, radial and axial 
direction  
2. Derivation of the process forces 
The following approach to derive the process forces of end 
mills is based on the mechanistic model by Altintas [8]. In 
order to extend this approach for end mills with non-uniform 
helix angles and varying recession of cutting edges, the 
undeformed chip thickness h needs to be redefined: 
 
),(),(),( dyn,stat,, zthzthzth j,uj,uuj  . (1) 
 
),(,d zth j,uyn  is the dynamical part of the undeformed chip 
thickness and accounts for the regenerative effect. 
),(,stat zth j,u  is the static part and its value depends on the 
feed per tooth zf and the angular position of the j th-flute. If 
the end mill has non-uniform helix angles or serrated flutes, 
the calculation of the undeformed chip thickness is more 
complex than for regular cutters. In the following sections the 
derivation of both parts of the undeformed chip thickness will 
be described. 
2.1. Static part of the chip thickness 
For end mills with serrated flutes or non-uniform helix 
angles the static part of the undeformed chip thickness can be 
calculated as: 
 
)()()),(sin()(),(,stat zrzrztzfzth ujjj,uj,u  M . (2) 
 
)(zrj  is the radius of the j -th flute along the z -axis (see 
Fig. 1). The radius of the flutes can lead to a decrease or 
increase of the chip thickness at certain angular positions 
),( ztjM . Furthermore, a missed cut is possible. Thus, for the j
-th flute u different chip thicknesses are calculated, with 
 ^ `juu d 0| . (3) 
 
In case of a missed cut, the next flute has to remove more 
material, and thus, the chip thickness increases due to an 
increase of the effective feed per tooth: 
 
S2
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)( ,t,
zp
Nfzf ujzuj  . (4) 
 
tN  is the total amount of flutes. )(, zp uj is the pitch angle 
between the u th-flute and j th-flute. Fig. 1 shows the 
 
Fig. 1. Geometry of a serrated end mill cutter. 
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resulting non-uniform pitch for tooth j = 1 at a discrete 
position along the z -axis.  The values of )(, zp uj  can be 
calculated by: 
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To determine the actual chip thickness of tooth j , the 
minimum value  
 ^ `),(,),,(),( stat,1stat, zthzthztH j,uj,j   (6) 
 
of all theoretical possible chip thicknesses has to be 
determined along the z -axis at every angular position. If the 
smallest value of ),( ztH j  is smaller than 0, the flute is not in 
cut at the given position. This is represented by the following 
Heaviside-function: 
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Furthermore, the angular position ),( ztjM  of the tooth must 
be between the entry angle eM  and the exit angle aM . 
2.2. Dynamic part of the chip thickness 
The dynamic part of the chip thickness  
 
)())((),( ,dyn, tztzth jujjj,u KTK ''  (8) 
 
 represents the regenerative effect. )(tjK' is the relative 
displacement between the tool and the workpiece in the 
rotating coordinate system of the tool and workpiece, 
respectively. This dynamic displacement is known as the 
outer modulation. ))(( , zt ujj TK ' is the inner modulation and 
represent the wavy surface left behind by the previous tooth. 
Similar to eq. (4), the time delay )(, zujT can be calculated as 
follows: 
 
 
n  is the spindle speed. In accordance to the static chip 
thickness, eq. (7) is applied to determine which of the u
dynamic cutting chip thicknesses for tooth j  has to be 
considered.  
3. Stability of end mills with complex geometries 
In order to predict the stability of end mills with complex 
geometries, the Semi-Discretization Method is applied [10].  
The mathematical description of the milling process is based 
on a time periodic delay differential equation (DDE). A 
derivation for this DDE for tools with non-unfirom pitch is 
given in [11]. This DDE is extended to account for non-
uniform helix angles and changing radii of the flutes along the 
axial position: 
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where M , D  and K  are diagonal matrices, which contain the 
modal mass, damping and stiffness, respectively. The 
summation over the j  teeth is necessary to take into account 
non-uniform pitch angles. With the index u the dynamic 
undeformed chip thickness for end mills with unequal helix 
angles or recessed flutes, based on eq. (7) and (8), can be 
described  
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whereas ),( ztjT is a rotation matrix to transform coordinates 
between the fixed and the rotating coordinate system of the 
tool and workpiece, respectively. The axial depth of cut is 
approximated by a summation with zNaz ' ' /p . In the next 
steps, this system is discretized and the corresponding system 
vector and matrix are expanded. The stability of the system 
can be determined by the eigenvalues of the expanded system 
[11, 12].  
4. Experimental setup 
Two different end mills, with a diameter D = 16 mm and 
4 teeth, are used for the comparison between the experimental 
and calculated process forces. Tool 1 has non-uniform helix 
angles. The diametrical opposed flutes have the same helix 
angle 31 GG   = 35° and 42 GG   = 38°, respectively. Tool 2 
has a serrated profile, a non-uniform pitch 
p  = [93° 87° 93° 87°] and a uniform helix angle of G  = 45°. 
The wavelength L of the serration is 2.1 mm with a maximum 
recession a  of the flute of 0.3 mm. 
Fig. 2 shows an illustration of the experimental 
configuration. An AL7075-T651 work material is mounted on 
a Kistler 9257B force plate. The work piece has an overhang, 
which allows to shift the height at which the flutes are in cut. 
For tool 1 two different cutting heights are analyzed. At 
Position 1, the tool is shifted 2 mm to prevent an influence of 
the corner radius R  at the tool tip on the measured process 
forces. Position 2 starts at a height of 24 mm. This permits on 
ST 2
)(
)( ,,
zp
nz ujuj  . (9) 
Fig. 2. Experimental configuration for force measurement at two different 
axial positions 
122   R. Grabowski et al. /  Procedia CIRP  14 ( 2014 )  119 – 124 
the one hand to observe how the process forces change along 
the axial position due to the non-uniform helix angles. On the 
other hand, due to the shortened effective tool length, the 
influence of dynamic effects of the machining process should 
be minimized.  
Experiments are conducted on a 4 axis horizontal milling 
machine center. The up milling operation is carried out with a 
radial and axial immersion of ea = 1 mm and pa = 8 mm, 
respectively, at a spindle speed n  of 300 1min . For the feed 
per tooth zf a value of 0.1 mm was chosen. Furthermore, full 
slot milling operations are conducted to obtain the cutting and 
edge force coefficients (see Table 1). 
 
Table 1. Cutting force coefficients. 
Coefficients Unit Tool 1 Tool 2 
[ acrctc KKK ]    [N/mm²] [541  10  298] [821  365   396] 
[ aerete KKK ]    [N/mm] [16 11 1.4] [20   13   1.4] 
 
5. Comparison between experimental and predicted 
process forces 
In general, dynamic effects in the form of vibrations 
superimpose the measured cutting forces. The tooth entry is 
like a sudden impulse, and thus, the natural frequency of the 
work piece or the force plate can be excited. Furthermore, 
looking at the resulting forces for one revolution, there might 
be slight differences of the process forces between the 
previous and the next revolution. In order to minimize the 
mentioned effects, the measured forces are divided into the 
length of one revolution. Next, the forces for the various 
single revolution are superimposed and the mean value for 
one revolution is calculated. The result of this method is 
shown for tool 1 at Position 1 in Fig. 3. For the original 
signal, one tool revolution at a random time position was 
chosen. As shown, the filter method minimizes the influence 
of vibrations. For the force in feed normal direction fNF  there 
is a greater visible difference between the filtered and the 
original signal at the beginning. With the proposed method, 
force random variations are filtered. 
 
 As the signal shows, the difference in the force amplitude 
between the singular teeth exceeds for the force in feed 
direction fF  a value of over 100 N. Although non-uniform 
helix angle cause altering amplitudes, this difference is too 
high. Furthermore, the diametrical arranged teeth of tool 1 
have the same helix angle. Thus, every second tooth should 
have the same force amplitude. Fig. 4 shows the process 
forces of tool 1 for Position 1 and Position 2. The simulated 
process forces show the expected altering of the force 
amplitudes. At Position 2, this difference increases slightly. 
Looking at the experimental data, the values between Position 
1 and Position 2 differs, too. In order to find out the causes for 
this amplitude differences, the measured and simulated forces 
in feed direction are analyzed in the frequency domain, shown 
in Fig. 5. The highest peak at 20 Hz is the tooth passing 
frequency tf . For the measured signals, a peak at 5 Hz is 
visible. This frequency rf corresponds to one revolution of 
the tool ( n  = 300 1min ) is caused by the tool runout. The 
height of this peaks provides information about the influence 
of the tool runout on the measured process forces. A 
measurement of the actual radius of the teeth showed 
differences between the singular teeth, and thus, it can be 
assumed that the highest part of the force amplitude 
discrepancies is caused by tool runout. The influence of tool 
runout on process forces was analyzed by Krüger and 
Denkena in [13]. Their results verifies this assumption. Due to  
 
Fig. 3.Original and filtered signal of the experimental obtained process forces 
(tool 1, Position 1 (z = 2 mm). 
Fig. 4. Experimental and simulated cutting forces for the end mill with 
unequal helix angles (tool 1). 
 
Fig. 5. Signal of the experimental and calculated cutting forces in the 
frequency domain 
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the fact that tool runout is not taken into account in the 
simulation, no peak occurs at 5 Hz in the frequency domain of 
the calculated forces. Looking at the frequency signal of the 
measured and calculated forces at Position 1, a further peak 
occurs at Gf  = 10 Hz. This peak corresponds to a half 
revolution of the tool. Due to the fact that the diametrical 
positioned teeth have the same helix angle, it can be assumed 
that this frequency shows the influence of the helix angle on 
the process forces. Furthermore, compared to Position 1, the 
amplitude of the frequency Gf at Position 2 increases for the 
measured and calculated forces, respectively. At higher tool 
position, the difference of the pitch between the teeth 
increases, and thus, this explains the increase of amplitude. 
 
The resulting process forces of the serrated end mill (tool 2) 
are shown in Fig. 6. Due to the high value for the depth of cut 
pa and low value for the width of cut ea , the shape of the 
serration is reflected in the force signal. The force amplitude 
is almost the same for all teeth, and thus, tool runout analysis 
can be neglected. Furthermore, the calculated process forces 
show a good agreement with the experimental data. Compared 
to tool 1, the serrated end mill leads to lower averaged process 
forces. As mentioned by Dombovari et al., serrated flutes cut 
thicker chips which leads to a decrease of the averaged 
process forces [5]. 
6.  Stability charts for end mills with complex geometries 
For the prediction of the stability charts, the frequency 
response functions of the tool in x  and y direction are 
estimated by a tip test. It is assumed that the work piece is 
rigid. For both directions, the two modal parameters with the 
highest amplitude are considered for the stability prediction 
(see Table 2).  Fig. 6 shows the resulting stability charts. To 
show the effect of non-uniform helix angles on the stability 
limit, a stability chart for tool 1 is calculated and the helix 
angle is set to a constant value of G  = 35° for all teeth 
(tool 1’). 
As expected, the stability of the tool 1’ has the lowest 
values at almost all spindle speeds compared to tool 1 and 2. 
Due to the changing time delays in axial direction of the end 
mill with unequal helix angles, the regenerative effect is 
attenuated and thus, the stability increases. The attenuation of 
the regenerative effect is even higher for the serrated end mill, 
which leads to a high stability limit for the investigated 
spindle speed range. The results show the importance of the 
tool geometry on the stability. For tool 2, the tool runout 
effect was not taken into account. Further analysis are 
necessary to show a possible influence of the tool runout on 
the stability. This requires the measurement of the actual radii 
of the teeth along the tool axis. Furthermore, experimental 
stability test must be carried out to verify the stability charts 
with experimental values 
Table 2. Modal parameters of the tool in x - and y -direction. 
Direction Mode No. m  [kg] d  [Ns/m] k  [N/μm] 0f [Hz] 
x  1 0.16 194 45 2669 
x  1 0.08 67 45 3774 
y  2 0.11 216 55 2513 
y  2 0.17 60 42.4 3558 
 
7. Conclusion 
End mills with complex geometries, e.g. non-uniform helix 
angles or serrated flutes, can improve the stability, and thus, 
the productivity of milling operations. The mechanics and 
dynamics of cutters with complex geometries are investigated 
in this paper. The comparison between the experimental 
obtained and calculated process forces showed that for tools 
with unequal helix angles further effects, i.e. tool runout, can 
lead to discrepancies in the prediction. For serrated end mills 
the experimental obtained and calculated process forces are in 
good accordance. By applying the Semi-Discretization 
Method, stability charts for the investigated tools were 
predicted. The results show that the geometry have a great 
influence on the process stability. To validate the predicted 
stability charts, experimental stability tests are necessary. 
Additionally, further investigations should take tool runout 
effects into account for the prediction of stability charts. 
 
 
Fig. 6. Experimental and simulated cutting forces for the end mill with 
serrated cutting edges (tool 3). 
 
Fig. 7. Stability charts for the three different end mills. 
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